Introduction {#Sec1}
============

It is well known that inequalities are important tools in classical analysis \[[@CR2]--[@CR6], [@CR13], [@CR14], [@CR26]--[@CR29], [@CR31]--[@CR39], [@CR41]--[@CR43], [@CR45]\]. One application of inequalities is to study the properties of partial differential equations. Li and his coauthors \[[@CR15]--[@CR23]\] studied the global existence and uniqueness, limit behavior, uniform stability, and blow-up of solutions for partial differential equations by using various inequalities. Liu \[[@CR11], [@CR24], [@CR25]\] showed the stability and convergence results of evolution equations and Du \[[@CR8], [@CR9]\] studied obstacle problems by using various inequalities.

In recent decades, there have been many results on the extension and refinement of inequality \[[@CR7], [@CR10], [@CR12], [@CR30], [@CR40], [@CR44]\]. Qin \[[@CR30]\] summarized a large number of inequalities and applications, but Hardy's inequality was not included. The authors \[[@CR7], [@CR40]\] generalized the summation form Hardy inequality, Zhang \[[@CR44]\] extended Hardy inequalities using Littlewood--Paley theory and nonlinear estimates method in Besov spaces, and the results improved and extended the well-known results in \[[@CR1]\].
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In Sect. [2](#Sec2){ref-type="sec"}, we first recall Hardy's inequality, refine the proof for completeness, and state our main results. The proofs of the main results are given in Sect. [3](#Sec3){ref-type="sec"}.

Main results {#Sec2}
============

Now, we present the global approximation theorem and Hardy's inequality in Sobolev space.

Lemma 2.1 {#FPar1}
---------

(\[[@CR10]\], Global approximation theorem)

*Assume that* *Ω* *is bounded and* *∂Ω* *is* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C^{1}$\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in W^{k,p}(\varOmega )$\end{document}$ *for some* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p<\infty $\end{document}$. *Then there exist functions* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{m}\in C^{\infty }(\overline{\varOmega })$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} u_{m}\rightarrow u \quad \mathit{in } W^{k,p}(\varOmega ). \end{aligned}$$ \end{document}$$

Lemma 2.2 {#FPar2}
---------

(\[[@CR10], [@CR12]\], Hardy's inequality)
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For readers to grasp the essence of the proof, we give the refined proof below.

Proof {#FPar3}
-----

By the global approximation theorem Lemma [2.1](#FPar1){ref-type="sec"}, we may assume $\documentclass[12pt]{minimal}
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Under the circumstance, we extend the space dimension *n* and parameter *σ* in $\documentclass[12pt]{minimal}
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Theorem 2.1 {#FPar4}
-----------
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Remark 2.1 {#FPar5}
----------

Hardy's inequality ([2.1](#Equ1){ref-type=""}) is the case of $\documentclass[12pt]{minimal}
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Proofs of the main results {#Sec3}
==========================

In this section we show the proofs of the main results Theorem [2.1](#FPar4){ref-type="sec"}.

Proof {#FPar7}
-----
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The proof of Theorem [2.1](#FPar4){ref-type="sec"} is completed. □

Conclusions {#Sec4}
===========
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